A sixth-order quadrupole boson Hamiltonian is used to describe 26 states 0 + and 67 states 2 + which have been recently identified in 168 Er. Two closed expressions are alternatively used for energy levels. One corresponds to a semi-classical approach while the other one represents the exact eigenvalue of the model Hamiltonian. The semi-classical expression involves four parameters, while the exact eigenvalue is determined by five parameters. In each of the two descriptions a least square fit procedure is adopted. Both expressions provide a surprisingly good agreement with the experimental data.
The collective states of deformed nuclei are usually classified in rotational bands distinguished by a quantum number K, which is the angular momentum projection on the z axis of the intrinsic reference frame. The collective character of the states is diminished by increasing the value of K [1, 2, 3, 4] . In Ref. [5] one of us (A.A.R.) suggested a possible method of developing bands in a horizontal fashion. Indeed, therein on the top of each state in the ground band a full band of monopole multi-phonon states has been constructed. This idea has been recently considered in a phenomenological context trying to organize the states, describing the motion of the intrinsic degrees of freedom, in bands. Thus, two intrinsic collective coordinates, similar to the nuclear deformations β and γ, are described by the irreducible representations of a SU(2) group acting in a fictitious space. Compact formulae for excitation energies have been obtained [6, 7] .
In the present letter we address the question whether these expressions can provide a realistic parameterization of the data. Recently, about 26 states 0 + and 67 states 2 + have been populated in 168 Er by means of a (p, t) reaction [8] . In the cited paper the excitation energies and the corresponding reaction strength have been provided. These data were described qualitatively by two microscopic models. One is the projected shell model (PSM) which diagonalizes a microscopic Hamiltonian in a projected basis from a set of intrinsic states, consisting of zero, two and four quasiparticles. To conclude, the authors of the mentioned paper interpret the experimental data in terms of single particle degrees of freedom.
By contrast, in the present letter we advance the idea that the microscopic description is not unique and that at least the excitation energies can be realistically parameterized based on a phenomenological description. As we shall show in this letter, the state order number is a quantum number characterizing the intrinsic states.
In Ref. [7] we have used a sixth-order quadrupole boson Hamiltonian: 
, one obtains a classical Hamilton function H depending on two coordinates, q 1 and q 2 , and two corresponding conjugate momenta. There are two distinct terms describing an anharmonic motion of a classical plane oscillator and a pseudo-rotation around a certain axis. Taking into account that the third component of the pseudo-angular momentum, describing a rotation in a fictitious space, is a constant of motion the classical Hamiltonian, considered in the reduced space, can be easily quantized and the resulting energy is:
where the factors A, B and C have simple expressions in terms of the coefficients ǫ, C J involved in the boson Hamiltonian:
Actually, Eq. (2) represents a semiclassical spectrum which describes the motion of the intrinsic degrees of freedom. Supposing that the rotational degrees of freedom are only weakly coupled to the motion of the intrinsic coordinates, then the total energy associated to the motion in the laboratory frame can be written as a sum of two terms corresponding to the intrinsic and rotational motion, respectively.
According to Ref. [7] , to the values J = 0 and J = 2 correspond different values of M, namely M = 0 and M = 1, respectively. Therefore, considering the above equation for the sets of states with angular momenta J = 0, 2 and normalizing the results to the energy of the first 0 + , one obtains the following expressions for the excitation energies:
where
These equations are used to describe the available data for the states 0 + and 2 + in 162 Er.
The coefficients involved in the mentioned equations were fixed by a least square procedure.
The results are: A = 394.2 keV, B = −10.4 keV, F = 0.3865 keV, C = −280 keV.
In order to have a feeling about the fit quality, we compare the results of our calculations with the experimental data in Figs.1 and 2.
Although the starting boson Hamiltonian comprises four and sixth-order boson anharmonicities one can easily derive analytical expressions for its eigenvalues. Indeed, aiming to this goal the boson Hamiltonian H is written in an equivalent form:
where the coefficient γ has the expression: In general, the eigenvalues of a quadrupole boson Hamiltonian are obtained by a diagonalization procedure in the basis |NvαJM , where the specified quantum numbers are the number of bosons, seniority, missing quantum number, angular momentum and its projection on the z axis, respectively. From Eq. (9) it is obvious that |NvαJM is an eigenstate of H. The corresponding eigenvalues are:
Comparing this with Eq. (4), we notice that the eigenvalues of H are characterized by two quantum numbers, namely the number of bosons N and the seniority v. Therefore, using the new expression for energies one expects a better description of the data. For J = 0 we use the lowest two values for seniority quantum number, and obtain:
Similarly, for J = 2 we consider the lowest two allowed seniorities, and obtain:
Equations (11) worth noticing that both 0 + and 2 + states exhibit a cubic n dependence. We know that such a behaviour for energy in the yrast bands is determining a back-bending [9] phenomenon for the moment of inertia as a function of the rotational frequency. Here a back bending also shows up but the cause is different from that determining the bending in the moment of inertia in the yrast band. One may argue that for many of the states, the single particle degrees of freedom prevail. Actually we share this opinion but, on the other hand, we believe that the single particle behaviour may be simulated by the anharmonicities involved.
Certainly, data concerning the e.m. transitions of these states are necessary in order to have a complete description. Usually, whenever the volume of the data to be described is enlarged the formalism which is used is more sophisticated than the one already applied for a less numerous data. By contrast, here we use an extremely simple analytical equation, with a relatively small number of parameters. Details about the formalism as well as an extensive study of similar data for other nuclei, will be published elsewhere. [2] J. M. Eisenberg, W. Greiner, Nuclear Theory, Volume 1: Nuclear Models, 3rd ed.(North Hol-
